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Abstract
The limit analysis problem (LAP) for the estimation of electric durability for a dielectric in a powerful
electric &eld is examined. The appropriate dual problem is formulated. After the standard piecewise linear
continuous &nite-element approximation, the dual LAP is transformed into the problem of mathematical pro-
gramming with linear limitations as equalities. This &nite dimension problem is e6ectively solved by the
standard method of gradient projection.
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1. Introduction
Investigation of the electrostatic boundary-value problems (BVPs) for dielectrics in a powerful
electric &eld is of particular interest in both theory and practice. The current research is motivated
by the signi&cance and practical interests in electrical engineering and microelectronics.
The electric state of a medium in a given domain  ⊂ R3 is characterized by the bulk and surface
density of charges and by the vectors of electric &eld E={Ei}∈R3, electric induction D={Di}∈R3
and electric current density J= {Ji}∈R3. The vector D is introduced by the relation D= 0E+ P,
where 0 ≈ 8:85 · 10−12 is the electric constant and P∈R3 is the vector of polarization [10,13,15].
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Fig. 1. Experimental (lines 1,2) and e6ective (line 3) constitutive relations.
For the electric &eld the electrostatic potential u is introduced such that E(x) =−∇u(x) for almost
every x∈.
In weak electric &elds the conductivity current in dielectrical media is practically absent and the
simplest linear constitutive relation E 
→ D is used [10,13,15]. As a result, for the solution of the
appropriate linear BVPs various e6ective analytical and numerical methods have been worked out
in [14].
The classic method of estimation of puncture conditions is based on the point criteria. Namely,
the electric puncture begins if max{|E(x)|: x∈}¿E0, where E is the solution of the linear
electrostatic BVP and E0¿ 0 is the critical value, which is measured in physical experiments on
thin plates in a homogeneous electric &eld [10,13,15], see Fig. 1. Unfortunately, for dielectrics with
a complex shape in nonhomogeneous electric &elds this method introduces a large error.
In powerful electric &elds the essentially nonlinear phenomena of polarization saturation (|P|6
P∗¡+∞) and powerful growth of the electric current (9|J|=9|E|0) must be taken into account
[8,10]. As a result, the complementary physical parameter of the dielectrical medium ¿ 0 always
exists such that |D− J|6 ¡∞.
Within the framework of the variational method, the existence of the limit electrostatic load (such
external charges with no solution of the electrostatic BVP) was pointed out in [6]. From the physical
point of view this e6ect is treated as a loss of electrostatic balance, i.e. as the beginning of the electric
puncture of dielectric. For the calculation of the limit electrostatic load the original variational
problem was formulated. From the mathematical point of view, this problem needs a relaxation
because its solution belongs to the space BV () of scalar functions with bounded variations having
the generalized gradient as the bounded Radon’s measure [1,12,16].
Unfortunately, no clear physical interpretation can be provided for the fully relaxed limit anal-
ysis problem (LAP). Therefore, the original partial relaxation of LAP was proposed in [6]. This
relaxation is based on the special discontinuous &nite-element approximation (FEA), which was pro-
posed earlier by the author for LAP in nonlinear elasticity [4,5]. But after relaxation the appropriate
&nite dimension problem becomes ill-conditioned and thus needs special numerical methods [3].
In this paper, the dual LAP in electrostatics is formulated. It has a clear physical interpretation and
after the standard piecewise linear continuous FEA is transformed into a problem of mathematical
programming with linear limitations as equalities. This &nite dimension problem is e6ectively solved
by the standard method of gradient projection, which is easily adapted for parallel computations.
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The numerical results show that the proposed method has a qualitative advantage over the classic
technique of estimation of puncture conditions. This method can be used in Electrical Engineering
and Microelectronics.
2. LAP in electrostatics
Let a dielectrical medium occupy a domain  ⊂ R3. The polarization and ionization properties of
the dielectric medium are described by two constitutive relations D=Dˆ(x;E) : ×R3 → R3 and J=
Jˆ(x;E) :×R3 → R3, as shown, for example in [10,13,15]. In practice the relations Di= ij(x;E)Ej
and Ji = ij(x;E)Ej are used, where {ij} and {ij} are the symmetrical second-order tensors of
dielectric permittivity and conductivity, respectively. Here and in what follows, the summation rule
applies over repeated indices. For an isotropic medium ij = ij and ij = ij, where  = (x; |E|)
and = (x; |E|) are scalar functions and ij is the Kronecker symbol. For a homogeneous medium
{ij}; {ij}= const(x).
Let the following quasi-static electric inLuences act on the dielectric: a bulk charge with density
 in , a surface charge with density g on a portion 2 of the boundary, and a portion 1 of the
boundary is grounded, i.e. u ≡ 0 on 1. Here 1 ∪ 2 = 9, 1 ∩ 2 = ∅ and meas(1)¿ 0. Point
charges are absent.
In electrostatics it is assumed that an external source of the electric &eld compensates the work
of the electric current in the dielectric. In accordance with the classic Thomson’s principle the true
electrostatic potential is the solution of the following variational problem:
u∗ = arg inf{(u)− A(u): u∈V};
(u) =
∫

(x;∇u(x)) d; A(u) =
∫

u d +
∫
2
gu d; (1)
where V = {u : M → R; u(x) = 0; x∈1} is the set of admissible electrostatic potentials,  is the
speci&c and (u) is the full potential energy of the electric &eld, A(u) is the work of an external
source on a transference of charges from in&nity to .
In compliance with the Thompson and Joule–Lenz laws the function (x;E) is calculated as
(x;E) = Ei
∫ 1
0
[Dˆi(x; pE)− Jˆ i(x; pE)] dp:
In Fig. 1 experimental constitutive relations |E| 
→ |D| (line 1) and |E| 
→ |J| (line 2) for real
isotropic dielectrical media are presented [8,10,15]. The appropriate function of e7ective induction
is shown by the line 3. It is easily seen that for every dielectrical medium the scalar ¿ 0 always
exists such that for every E∈R3 and almost every x∈ the following estimation is true:
(x;E)6 (x)|E|; (2)
where
(x) = max{|Dˆ(x;E)− Jˆ(x;E)|: E∈R3}:
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From the physical point of view  is the electric saturation. In what follows, we consider a homo-
geneous dielectrical medium for which = const(x).
From estimation (2) it follows [11,16] that the set of admissible electrostatic potentials is de&ned as
V = {u∈W 1;1(): u(x) = 0; x∈1}: (3)
From the mathematical point of view variational problem (1) can have no solution because the
functional (u) − A(u) can be unbounded from below on the set V . In particular, after the point
E0 = |E∗| (see Fig. 1), where E∗ ∈R3 is the maximizer of the function |Dˆ(E) − Jˆ(E)|, the full
potential energy of the electric &eld (u) has growth in ‖u‖1;1 less than linear. But the work of
the electric &eld on the external charges A(u) always has linear growth in ‖u‖1;1. As a result, the
appropriate variational problem is noncorrect [2,4,5,9,16] because the limit electrostatic load exists,
i.e. external charges (; g) with no solution of the electrostatic variational problem (1). From the
physical point of view, this e6ect can be treated as the beginning of the electric puncture of dielectric
because it corresponds to a loss of the electrostatic balance between an external source of charges
and the dielectric medium.
For a de&nition of the limit electrostatic load we introduce the set of admissible external charges
for which the minimized functional in problem (1) is bounded from below on V and, therefore, a
solution of this problem exists
B= {(; g)∈L∞()× L∞(2): inf ((u)− A(u): u∈V )¿−∞}:
The set is nonempty because for small external inLuences problem (1) is transformed into the classic
variational problem of linear electrostatics, which always has a solution [8].
For arbitrary external charges (0; g0)∈B we examine the sequence of charges, which are propor-
tional to the real parameter t¿ 0.
Denition 2.1. The number t∗¿ 0 is de&ned as the limit parameter of electrostatic loading and
(t∗0; t∗g0) is the limit electrostatic load, if (t0; tg0)∈B for 06 t6 t∗ and (t0; tg0) ∈ B for t ¿ t∗.
As a result, the analysis of the electrostatic balance in a dielectic comes to the investigation of
the set of positive parameters t for which the one-parametric functional
It(u) =(u)− tA(u)
is bounded from below on the set of admissible electrostatic potentials V from (3). The following
basic result has been proven recently by the author in [6].
Theorem 2.1. The 8nite limit parameter of electrostatic loading exists. It is calculated as the
solution of the following limit analysis problem:
t∗ =  inf
{∫

|∇u(x)| d: u∈V; A(u) = 1
}
; (4)
where  is the electric saturation from (2).
From De&nition 2.1 it follows that for t∗¡ 1 the electrostatic variational problem (1) has no
solution. This phenomenon is treated as the beginning of the electric puncture of the dielectrical
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medium. Therefore, the LAP (4) is the main problem for the estimation of puncture conditions
for dielectrics of complex shape in powerful nonhomogeneous electric &elds that closes one of the
modern fundamental problems [10,13,15].
3. Dual LAP
We construct here the dual LAP for a homogeneous dielectric using methods from the duality
theory [9]. Thus, we introduce the set of admissible &elds of the e6ective induction compensating
for the electric &eld of external charges in the weak sense [11],
G=
{
D∈L∞(;R3):
∫

(∇ ·D+ )u d = 0;
∫
2
(n ·D− g)u d= 0; ∀u∈V
}
; (5)
where n is the unit normal vector on the boundary 2.
The dual LAP is formulated as the problem of &nding an admissible e6ective induction of minimal
intensiveness
!∗ = inf{‖D‖∞: D∈G}; (6)
where ‖D‖∞ = inf{sup(|D(x)|: x∈ \ !): meas(!) = 0}.
Theorem 3.1. For solutions of problems (4) and (6) the relation t∗!∗ =  is true.
Proof. It is easily veri&ed that dual LAP (6) is equivalent to the problem
!−1∗ = sup{#¿ 0: ‖#D‖∞6 1; D∈G}: (7)
For every value #¿ 0 and &eld D∈G the following equality is true:
#= #+ # inf
{∫
2
(n ·D− g)u d−
∫

(∇ ·D+ )u d: u∈V
}
:
After integration by parts and taking into account the boundary condition on 1, we &nd
#= inf
{∫

#D · ∇u d: u∈V; A(u) = 1
}
: (8)
We introduce the bilinear functional L(D; u)=
∫
D ·∇u d on L∞(;R3)×W 1;1() [11], then from
(8) it follows that problem (7) has the form
!−1∗ = sup{inf (L(D; u): u∈V; A(u) = 1): D∈G; ‖D‖∞6 1}:
For the bilinear functional L(D; u) the classical equality
sup
D
inf
u
L(D; u) = inf
u
sup
D
L(D; u)
is ful&lled [9], therefore,
!−1∗ = inf{sup(L(D; u): D∈G; ‖D‖∞6 1): u∈V; A(u) = 1}:
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For every vector E, D∈R3 the relation |E| = sup{E · D: |D|6 1} is true. As a result, for every
u∈V we have the equality completing the proof
sup{L(D; u): D∈G; ‖D‖∞6 1}=
∫

|∇u(x)| d:
We showed that the estimation of the electric durability of a homogeneous dielectric is equivalent
to &nding an e6ective induction of minimal intensiveness, which compensates the electric &eld of
external charges. As a consequence of Theorem 3.1, if !∗¿ then the electrostatic variational
problem (1) has no solution. Problem (6) is fully correct because the admissible e6ective induction
has three independent components satisfying only one di6erential equation, i.e. a minimization in
two independent components is possible.
4. FEA of dual LAP
By the standard FEA for the domain  ⊂ Rn (n = 1; 2; 3) the sets h = ∪Th and h = 9h
are constructed such that meas( \ h) → 0 and meas( \ h) → 0 for h → +0, where h is the
characteristic step of approximation and Th is the simplest simplex [7]. Every FEA is described by
the set of nodes {xk}mk=1.
For the admissible e6ective induction the piecewise linear continuous approximation is used [7]:
Dh(x) =Dk)k(x) (k = 1; 2; : : : ; m);
where Dk={Dki }∈R3 is the admissible e6ective induction in the node xk , )k :h → R is continuous
and linear on every simplex scalar function such that )k(xr)=kr (k; r=1; 2; : : : ; m). The supp ()k)
consists of simpleces having the node xk as common.
After the standard piecewise linear continuous FEA of external charges (h; gh) and normal vector
nh on the boundary 2, the set of admissible e6ective inductions (5) is approximated by the set
Gh = {Dk ∈R3: Dk · ∇)k(x) + h(x) = 0; x∈∀Th ⊂ h;
nh(xr) ·Dk)k(xr) = gh(xr); xr ∈2h};
which is the convex set with piecewise linear boundaries (simplex) in the space of global variables
R3m.
As a result, the dual LAP (6) is approximated by the problem of mathematical programming with
linear limitations as equalities
!h =min{max(|Dk |: k = 1; 2; : : : ; m): Dk ∈Gh}: (9)
If a number of &nite elements equals m1 and a number of nodes on 2h equals m2 then a number of
free variables in the problem equals 3m− (m1 +m2). It is easily veri&ed that the minimum number
of variables equals 2n+1 (n=1; 2; 3), which is reached for the domain coinciding with the simplest
n-dimension simplex because in this case m= n+ 1, m1 = 1, m2 = n+ 1.
The object function in problem (9) is a combination of convex hypercones in the space R3m.
Therefore, due to linearity of limitations in the set Gh this &nite dimension problem is e6ec-
tively solved by the standard method of gradient projection, which is easily adapted to parallel
computations.
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Table 1
Numerical results
N 5 10 20 40 80
!h 2.17 1.83 1.36 1.06 1.01
5. Numerical results
In the numerical experiment the following electrostatic BVP was considered: an isotropic and
homogeneous dielectric has the form of a &nite round rod with the radius of section a and length
2l. The small round blocks of dielectric are covered by conductors having charges ±Q.
In view of the axial symmetry, the initial LAP (4) has the following form:
t∗ =  inf{I(u): u∈V; u(r; 1) = 1};
I(u) = 2
∫ 1
0
∫ 1
0
[
/2
(
9u
9r
)2
+
(
9u
9z
)2]1=2
r dr dz;
V =
{
u∈W 1;1((0; 1)× (0; 1)): u(r; 0) = 0; 9u9z (r; 0) = 0;
9u
9r (0; z) = 0
}
;
where  is the electric saturation from (2) (see Fig. 1), / = l=a is the geometric parameter and
r ∈ [0; 1], ’∈ [0; 22), z ∈ [0; 1] are the reduced cylindrical co-ordinates [4,6]. Here =(0; 1)× (0; 1)
and 2 = {r ∈ [0; 1]; z = 1}. It is easily veri&ed that the puncturing charge Q∗ = 2alt∗ [15].
From Theorem 3.1 we have t∗ = =!∗, where the parameter !∗ is the solution of the appropriate
dual LAP (6) on the following set of admissible e6ective inductions:
G = {D∈L∞(;R3): ∇ ·D= 0 in ; Dz = 1 on 2; D’ = 0 in M}:
In the computer experiment the uniform N × N triangulation of the domain  was used. As a
result, the problem of mathematical programming (9) was solved for 3(N + 1)2 variables satisfying
2N 2 + N + 1 linear limitations as equalities. The experimental results are shown in Table 1. It is
easily seen that !h ↘ !∗ = 1 as h→ +0 that fully coincides with results presented in [6].
The analytical and numerical results presented in this paper are new. They are of practical interest,
but more theoretical and experimental research is desirable. For example, the presented method can
be used for the design of electric isolators.
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